Résumé. 2014 Abstract. 2014 We investigate the question as to whether there can exist some liquid crystal phases exhibiting dipole ordering. A simple argument based on a mean-field calculation of the dipoledipole energy alone is presented first to advance the following hypothesis : only in smectic C phases can a certain dipole ordering appear. We then apply Landau theory to study the second-order phase transitions from the A to the C phase. For each symmetry of the A phase we find the allowed molecular orderings and corresponding symmetries in the C phase below Tc. We also find the dipole orderings allowed in each case considered. We show that a second-order transition to a bulk ferroelectric smectic C phase is not possible, but it is permitted to a smectic C phase with helicoidal arrangement of the dipoles. [3] [4] [5] [6] [7] [8] .
phase smectique A à une phase smectique C. L'ordre moléculaire et sa symétrie en phase C sont alors déterminés en fonction de la symétrie de la phase A. Une transition du second ordre vers une phase smectique C ferroélectrique n'est possible que dans le cas d'une phase chirale.
Abstract. 2014 We investigate the question as to whether there can exist some liquid crystal phases exhibiting dipole ordering. A simple argument based on a mean-field calculation of the dipoledipole energy alone is presented first to advance the following hypothesis : only in smectic C phases can a certain dipole ordering appear. We then apply Landau theory to study the second-order phase transitions from the A to the C phase. For each symmetry of the A phase we find the allowed molecular orderings and corresponding symmetries in the C phase below Tc. We also find the dipole orderings allowed in each case considered. We show that a second-order transition to a bulk ferroelectric smectic C phase is not possible, but it is permitted to a smectic C phase with helicoidal arrangement of the dipoles. 1. Introduction. - The peculiarity of the liquid crystal phases is that the molecules have orientational order [1, 2] , instead of positional order as in solids. In general, the theoretical approach in liquid crystals is based on microscopic models in which the role of different interactions like quadrupolar, Van der Waals, dipolar interaction is considered [3] [4] [5] [6] [7] [8] .
In the present work, we start from the observation that most of the molecules composing liquid crystals have one or more dipolar bonds. In the past, the (*) Supported in part by the Israel Academy of Science, Grant No. 090278. question of dipole ordering in liquid crystals has been often considered theoretically [4] or experimentally [9, 10] , but without giving convincing evidence for ferroelectricity in the nematic phase. Recently the interest in this question was renewed by the first clear-cut evidence of dipole ordering in liquid crystals [11, 12] . Meyer et al. [11] have shown what the conditions are for the appearance of ferroelectricity in a smectic C phase. They also gave an experimental realization of this phenomenon, having synthesized [9] and [10] (10) , using (9) , gives :
The electrostatic energy (11) has a minimum for a = 7r/2, i.e. when the dipoles are parallel to the layer. From (11) In nature one observes only C phases in which the tilt angle of the molecular axis reaches maximum values of about 45-500 [17] . Therefore, if a = 0 (or fl = 0), one should not obtain a dipole-ordered phase as described above ; but if B = 0 and freezing of the molecular rotation occurs, then one is likely to obtain such dipole-ordered phase [18] . property. In the calculations to follow, we shall put the origin of our reference frame in such a point and direct the z-axis along the cylindrical axis of symmetry.
Following de Gennes [2] , one can group the smectic C phases in three classes according to the form of their biaxial tensor : Cm5 C and CG-In the CM phase the tilt angle (the angle between the long molecular axis and the z-axis perpendicular to the layer) is zero but the rotation around z is frozen. The possible groups of local symmetry [19] are C2v, Cs, C2, C1; they can all be dipole-ordered in the sense described in the previous section, with the dipoles in the xy-plane (the layer plane).
In the C phase (non-zero tilt, long molecular axis in the yz plane) the groups C2h, Cs, C2, C1 of local symmetry are possible. The [13] . These restrictions are as follows :
1) Given the space group Go of the higher-symmetry phase, the space group G of the lower-symmetry phase must be a subgroup of Go.
2) The order parameter field describing the ordering in the lower-symmetry phase must transform under the elements of Go according to a certain irreducible, or physically irreducible [20] , representation 3) of the group Go.
3) The symmetric cube [0]' of D should not contain the identity representation, i.e. there should be no cubic invariants (with respect to Go) formed from the order parameter.
In addition, there is another condition on which was first proposed in a very restrictive form by Lifshitz [13, 21] , and further reinterpreted and reformulated in a weaker form by Dzyaloshinskii [22] and Haas [23] . This condition requires that the representation D should correspond to a minimum of a certain function in k-space, where k is the wave-vector of the representation. (The meaning of this condition in the context of this paper will become clear below.) Another requirement [24] (16) and (17) it follows that where and from (18) it follows that a(ko, kZ) is real.
Substituting (19) and (20) into (15) we obtain where V is the volume of the sample. The coefficients 0 kZ) depend on T as a parameter. If the crystallographic class of the smectic A phase is Coo or D 00' the coefficients A (x, y, n ; x', y', n') in (15) do not possess any symmetry properties in addition to (16) and (18) . Then the coefficients a(k) in (20) do not possess any symmetry besides (21) . In this case, substituting (25) Finally, besides minima at kZ = 0 and k., = ± n/b due to symmetry, the function a(O, kZ) may have a minimum at some general kz, = K(T). One can show that two possible types of molecular ordering may arise in this case in the smectic C phase : one of them is helicoidal, as discussed before; the other is sinusoidal, with the tilt being in a single vertical plane and the tilt angle varying from layer to layer as sin Knb. The latter type has never been observed in nature.
4. Dipole ordering. - We suppose now that the molecules possess a net dipole moment. As a result the molecular ordering occurring in a smectic A to smectic C phase transition may be accompanied by an ordering of the electric dipoles. The question is what kind of dipole ordering can accompany each of the second-order phase transitions mentioned above. Clearly, we need not investigate the transitions from the crystallographic classes Coo to C1, Coov to Cs, and Coov to C2v, because the corresponding A phases are implied to be dipole-ordered : these are not likely to appear in nature, as we saw in section 2. To describe dipole ordering, let us introduce the field of electric polarization P (x, y, n). For this field to come into play in the phase transitions in question, it must be coupled to the field of molecular orientations (13) . The If the crystallographic class of the smectic A phase is D 00' then the free energy F must be invariant under the rotation through n about the x-axis, which transforms P4(x, y, n) into P,(x, -y, -n) and Q4.(x, y, n) into -QnZ(x, -y, -n). It Table I ).
Let us consider the cases where the crystallographic classes of the smectic A phase are Cooh and Dooh.
They contain inversion, transforming P,(x, y, n) into -Pç( -x, -y, -n) and Qçz(x, y, n) into From the invariance of F under this transformation it follows that which is the generalization of eq. (27) The five crystallographic classes of the smectic A phase are discussed separately, by examining in each case the possible phase transitions of second order to the different C phases. The discussion is presented first in terms of molecular ordering regardless of dipole ordering, and then considering also the dipole ordering, on the basis of the Landau theory of second-order phase transitions. Table I summarizes the results of this discussion.
In particular : 1) When the A phase belongs to the class Doo, the C phase is tilted, with the long molecular axis precessing from layer to layer around the z direction. Furthermore, each layer is polarized and the polarization precesses also, always being perpendicular to the tilt plane. As mentioned above, this case of ordering has been already predicted by Meyer et al. [11] and observed experimentally [11, 12] . Our conclusion is in complete agreement with their results (second-order transition from the A phase to the C phase), since the chiral molecules of the ferroelectric compound DOBAMBC give effectively a smectic A phase belonging to the class Doo. We show here that it is the only possible realization of a smectic A-smectic C second-order transition in which a tilt and a polarization appear together in the layer. A more detailed theory will be published in a forthcoming paper [28] .
2) When the A phase belongs to one of the classes Cooh or Dooh, the C phase below a second-order transition cannot be tilted and dipole-ordered at the same time. We do not rule out the possibility of a first-order transition leading to such a phase.
The model studied in detail by McMillan [4] corresponds to the transitions A --&#x3E; C2v(F) --&#x3E; C2(F) or A --&#x3E; C2b --&#x3E; C2(F), with all the transitions being of second order. In agreement with our analysis the molecules of this model are compatible with a smectic A phase belonging to the class D oob.
Note. -After this paper had been submitted, we learnt about the work of Indenbom et al. [29] , who applied a more formal group-theoretical approach to determine the possible second-order phase transitions from the smectic A phase to phases with lower symmetry. Their results are similar to those we have obtained; however, in contrast to their paper, we try to give a more physical picture.
